In this paper, we introduce a generalization of the well -known notion of a "weak hereditary" ring and a "P -hereditary" ring, which we call a "weak P -hereditary" ring. We investigate the transfer of the "weak P -hereditary" properties to trivial ring extensions, subring retracts, to homomorphic image of rings, and in direct products. For the pullback constructions, we give example showing that the transfer does not hold. For amalgamated duplication of a ring along an ideal, we study the transfer of weak P-hereditary properties from a ring R to a ring R I.
Introduction
All rings considered in this paper are commutative with identity elements and all modules are unital. We use "local" to refer to (not necessarily Noetherian) ring with a unique maximal ideal.
Recall, for a ring A and an A-module E, that the ring R := A ∝ E of pairs (a; e) whose underlying group is A × E with pairwise addition and multiplication given by (a; e)(b; f ) = (ab; af +be) is called trivial ring extension of A by E (also called the idealization of E over A). Recall that a prime ideal of R has always the form Q ∝ E, where Q is a prime ideal of A [ 10, Theorem 25.1]. Considerable work, part of it summarized in Glaz's book [ 9] and Huckaba's book [ 10] , has been concerned with trivial ring extensions.
The amalgamated duplication of R along an ideal I is a ring that is defined as the following subring with unit element (1, 1) of R × R: R I = {(r; r + i) r ∈ R; i ∈ I} When I 2 = 0, the new construction R I coincides with the idealization R ∝ I. In the general case, and from the different point of view of pullbacks, by D'Anna and Fontana [ 5] . One main difference of this construction, with respect to the idealization, is that the ring R I can be a reduced ring (and it is always reduced if R is a domain).
In this paper, we introduce and investigate a generalization of the wellknown notion of P-hereditary and weak hereditary rings, which we call a weak P-hereditary ring. A ring R is called weak P-hereditary if, for any proper ideals I and J of R, such that I ⊆ J and I is a prime ideal. If J projective, then I is also projective (Definition 2.1). Naturally, every weak hereditary ring is a weak P-hereditary ring. And every P-hereditary ring is a weak P-hereditary ring, in Proposition 2.2 (2), we give a sufficient condition to have the converse. Also, in Proposition 2.2, we show that if R is a local total ring of quotients, then R is weak P-hereditary.
We use Proposition 2.2 to study the transfer of the notion of a weak Phereditary ring in particular kind of trivial ring extensions (Corollaries 2.3 and 2.4).
In Examples 2.5 and 2.6, we show that the homomorphic image of a weak P-hereditary ring is not necessarily in general weak P-hereditary. In Proposition 2.7, we prove that if R is a commutative ring and I is a proper ideal of R. Then if (R, M ) is a local total ring of quotients, then R I is weak P-hereditary non-P-hereditary. In Theorem 2.11, we study the notion of weak P-hereditary rings in direct products of rings. After we construct a non-weak hereditary ring which is a weak P-hereditary ring ( Example 2.13).
In Proposition 2.14, we give a condition so that the descent of the notion of the weak P-hereditary rings holds in extensions of rings. Namely, if A be a subring retract of R with R is a faithfully flat A-module, then R is weak P-hereditary implies that A is weak P-hereditary. And in corollary 2.15, we prove that if I is a flat ideal of R and R I is weak P-hereditary ring, then R is weak P-hereditary. In example 2.16, we show that if R is weak P-hereditary, then R I is not necessarily weak P-hereditary ring in general. And, in example 2.17, we show that, in general, the transfer of weak P-hereditary notion does not hold in pullback constructions.
From [ 1, 2, 3, 6] we have the following diagram:
Main Results
Recall that a ring R is called P-hereditary if every prime ideal of R is projective. In this paper we introduce and investigate the following generalization of P -hereditary and weak hereditary rings. Definition 2.1 A ring R is called weak P-hereditary if, for any proper ideals I and J of R, such that I ⊆ J and I is a prime ideal. If J projective, then I is also projective. Now, we give a sufficient condition to have equivalence between a P-hereditary and weak P-hereditary properties, and we show that if R is a local total ring of quotients, then R is weak P-hereditary. Proposition 2.2 Let R be a ring. Then: 1) If R is a P-hereditary ring, then R is a weak P-hereditary ring.
2) If R contains a regular element, then R is a weak P-hereditary ring if and only if R is a P-hereditary ring.
3) If R is a local total ring of quotients, then R is a weak P-hereditary ring.
Proof. 1) It is clear that if R is a P-hereditary ring, then R is a weak P-hereditary ring.
2) If R is a P-hereditary ring, then R is a weak P-hereditary ring, is evident by (1), Conversely, assume that R is a weak P-hereditary ring and let I be a prime ideal of R. Let x ∈ R be a regular element of R, then xI ⊂ xR. On the other hand, xR proper ideal and xR ∼ = R, then xR is free implies projective. Then xI is projective ideal, since R is weak P-hereditary. But xI ∼ = I (since x is regular), so I is projective ideal of R. Then R is a P-hereditary ring.
3) Let R be a local and total ring of quotients. We shall to display that R is weak P-hereditary. Deny. Suppose that there exist I ⊆ J and I is a prime non-projective ideal of R, and J is a proper projective ideal of R. Since R is local, then J is free, so J = xR, with x is a regular element from R. A contradiction, (since R is a total ring of quotients) so R is weak P-hereditary. Now we study the transfer of the weak P-hereditary property to trivial ring extensions as the following corollary:
If A is not a field, let x( = 0) ∈ A which is not invertible. Then (x; 0) is a regular element of R, so R is not a weak P-hereditary ring by proposition 2.2(2) (since R is not a P-hereditary ring by (1)).
3) Assume that A is a field, then :
a) It is clear that R is a local total ring of quotients. Then by proposition 2.2 (3) R is weak P-hereditary ring.
b) By (1) R is not a P-hereditary ring.
The following corollary shows that the weak P -hereditary ring is not necessarily in general P-hereditary.
Corollary 2.4 Let (A; M ) be a local ring, where M is its maximal ideal of A, and E an A-module such that M E = 0, and let R := A ∝ E be the trivial ring extension of A by E. Then: 1) R is weak P-hereditary. 2) R is not P-hereditary.
Proof. 1) R is a local total ring of quotients [ 11, Theorem 2.6]. Then by proposition 2.2 (3) R is weak P-hereditary ring.
2) R is not P-hereditary By [ 6 , Theorem 2.5]. Now, we study the homomorphic image of a weak P-hereditary ring. First, let B be a weak P-hereditary and I is an ideal of B, the B/I is not, in general, a weak P-hereditary ring as the following example shows.
Example 2.5 Let (R;M) be a non P-hereditary domain local, E( = 0) is an R-module, ME = 0 and let T := R ∝ E be the trivial ring extension of R by E. Then: 1) T is a weak P-hereditary ring. 2) R( ∼ = T /0 ∝ E) is not a weak P-hereditary ring.
Proof. 1) T is a weak P-hereditary ring by corollary 2.4, since T is a local total ring of quotients. 2) We have R( ∼ = T /0 ∝ E) with 0 ∝ E is an ideal of T . We claim that R is not a weak P-hereditary ring. Deny. Then, R is a weak P-hereditary ring, R is P-hereditary, since R is a domain, a contradiction. Then T /0 ∝ E is not a weak P-hereditary ring. Now, assume that B/I be a weak P-hereditary ring, the B is not, in general, a weak P-hereditary ring as the following example shows. Now, we study the transfert of the notion of weak P-hereditary in amalgamated duplication of a ring along an ideal.
∈ M , r is invertible in R and then (r; r + i) / ∈ M I. Since R I is a local ring, where M I is a maximal ideal of the local ring R I, then, (r; r + i) is invertible in R I. Case 2. r ∈ M , since R is a total ring of quotients in which every element is either a zero divisor or an invertible, then r is a zero-divisor element of R, hence from [ 13, Proposition 2.2] we have (r; r + i) is a zero-divisor element of R I. And so R I is local total of quotients. Thus R I is weak P-hereditary from Proposition 2.2 (3).
2) It is obvious that O 1 = {(0; i); i ∈ I} and O 2 = {(i; 0); i ∈ I} are ideals of R I, and O 1 is a prime ideal of R I. We shall to show that O 1 is not projective. Deny. O 1 is projective. R I is local (from [ 5, Theorem 3.5]), since R is local, then O 1 is free. A contradiction since O 1 O 2 = 0. Therefore, O 1 is not projective and so R I cannot be a P-hereditary ring.
Example 2.8 Let K be a field and E be a K-vector space, and A := K ∝ E be the trivial ring extension of K by E and I = 0 ∝ E. Then, A I is weak P-hereditary ring and is not P-hereditary ring.
Proof. Let K be a field and E be a K-vector space, and A := K ∝ E then A is a local total ring of quotients, indeed, let (a, e) ∈ A := K ∝ E we must show that (a, e) is invertible or zero-divisor element. There are two possible cases: Case 1. (a, e) / ∈ 0 ∝ E, then, (a, e) is invertible of A. Case 2. (a, e) ∈ 0 ∝ E, let (0, f ) ∈ A := K ∝ E then, (0, e)(0, f ) = (0, 0), so (a, e) is a zero-divisor element of A. Thus A is a local total ring of quotients. So, A I is a weak P-hereditary ring and is not P-hereditary ring by proposition 2.7. Corollary 2.9 Let (A, M ) be a local ring where M is its maximal ideal and M 2 = 0 and I be an ideal of A. Then, A I is weak P-hereditary ring and is not P-hereditary ring.
Proof. Let (A, M ) be a local ring where M 2 = 0 then, A is a local total ring of quotients, indeed, let x ∈ A we must show that x is invertible or zerodivisor element. There are two possible cases: Case 1. x / ∈ M , then, x is invertible of A. Case 2. x ∈ M then, x 2 = 0, so x is a zero-divisor element of A. Thus A is a local total ring of quotients. So, A I is a weak P-hereditary ring and is not P-hereditary ring by proposition 2.7. Proof. Let A = Z/4Z be a ring then, A is a local total ring of quotients where M = 2Z/4Z is its maximal ideal. Then, A M is a weak P-hereditary ring and is not P-hereditary ring by proposition 2.7.
We study now the transfer of weak P-hereditary in rings direct product. Proof of Theorem 2.11. We prove the result for i = 1, 2, and the these will be established by induction on n. Suppose that Π 2 i=1 A i is a weak P-hereditary ring. We wish to show that A 1 and A 2 are weak P-hereditary rings. Let I 1 ⊆ J 1 two ideals of A 1 such that J 1 is a projective proper ideal and I 1 is a prime ideal of A 1 . So
On the other hand, we have
is a weak P-hereditary ring, so I 1 × A 2 is projective ideal of Π 2 i=1 A i , then I 1 projective by Lemma 2.12, then A 1 is weak P-hereditary ring, the same way, we show that A 2 is weak P-hereditary ring. Conversely, assume that A 1 and A 2 are weak P-hereditary. We wish to show that Π 2 i=1 A i is a weak P-hereditary ring. Let I ⊆ J be two ideals of Π
suppose that I = A 1 × I 2 and J = A 1 × J 2 , we wish to show that I = A 1 × I 2 is a projective ideal of Π 2 i=1 A i . Since I ⊆ J, so I 2 ⊆ J 2 such that J 2 is a projective proper ideal and I 2 is a prime ideal of A 2 by Lemma 2.12, then I 2 is projective (since A 2 is weak P-hereditary ), so
A i is a weak P-hereditary ring. This completes the proof of the Theorem. Now, we are able to construct a non-weak hereditary ring which is a weak P-hereditary ring Example 2.13 Let A 1 = Z and A 2 = R I be two rings, with R = K ∝ K and K is a field and I is an ideal proper of R. Then: 1) A 1 × A 2 is a weak P-hereditary ring. 2) A 1 × A 2 is not weak hereditary ring.
Proof. 1)
We have A 1 = Z is a P-hereditary ring, so A 1 is a weak Phereditary ring. On the other hand, A 2 = R I is a weak P-hereditary ring ( by propsition 2.7 since R is a local total ring of quotients). Then A 1 × A 2 is a weak P-hereditary ring by Theorem 2.11. Proposition 2.14 Let A be a subring retract of a faithfully flat A-module R. Then if R is weak P-hereditary, then A is weak P-hereditary.
Proof. Let R be a weak P-hereditary ring and I ⊆ J two ideals of A where J is proper projective and I is a prime ideal. Since R is faithfully flat over A, thus J ⊗ A R = JR is a proper projective ideal of R. Hence, we have IR ⊆ JR, then IR is projective, since R is weak P-hereditary ring. We claim that I is a projective ideal of A. Indeed, for any A-module M , and from [ 7, p.118] ,
On the other hand, M is a direct summand of M ⊗ A R, since A is a direct summand of R. Therefore, Ext A (I; M ) = 0 for every A-module M . Then that I is a projective ideal of A. Then A is weak P-hereditary.
The following corollary shows that if I is a flat ideal of R and R I is weak P-hereditary ring, then R is weak P-hereditary.
Corollary 2.15 Let R be a commutative ring and let I be a flat ideal of R. If R I is weak P-hereditary, then so is R.
Proof. Let R be a commutative ring and let I be a flat ideal of R, then R I is a faithfully flat R-module. Since, R is a subring retract of a faithfully flat R-module R I. Then R is weak P-hereditary by proposition 2.14.
The following example shows that if R is weak P-hereditary, then R I is not necessarily weak P-hereditary ring in general.
Example 2.16 Let R be a Dedekind local which is not a field and I be an ideal of R, then:
1. R is weak P-hereditary 2. R I is not weak P-hereditary ring.
Proof.
1. R is weak P-hereditary, since R is a Dedekind.
2. Let R be a Dedekind local which is not a field and I be an ideal of R, then R I is not weak P-hereditary ring. Deny, assume that R I is weak P-hereditary ring, and let x( = 0) ∈ R then (x, 0) is a regular element of R I, indeed let (r, r + i) ∈ R I ( r ∈ R and i ∈ I), such (x, 0)(r, r + i) = 0, then (xr, xr + ri) = 0, so xr = 0 and xr + ri = 0, then r = 0 and i = 0, since R is a domain, thus (r, r + i) = (0, 0). On the other hand, R I is weak P-hereditary ring and contains a regular element (x, 0) then R I is P-hereditary ring by proposition 2.2. Or, O 1 = {(0, i)/i ∈ I} is a prime ideal of R I, then O 1 is a projective ideal of R I, or R I is a local ring, since R is a local ring (from [ 5, Theorem 3.5]), then O 1 is free. A contradiction since O 1 O 2 = 0. Therefore, R I cannot be a weak P-hereditary ring.
The following example generally proves that the transfer of a weak Phereditary ring notion does not hold in Pullback.
Example 2.17 Let R be a Dedekind local which is not a field and I be an ideal of R. Suppose also the following Pullback
R I is not weak P-hereditary from example 2.16, however both R and R × R are weak P-hereditary rings.
Corollary 2.18 Let R be a commutative ring and let I be an ideal of R. If R is a Von Neumann regular Noetherian, then R I is weak P-hereditary.
Proof. Let R be a Von Neumann regular Noetherian ring, then R I is a Von Neumann regular Noetherian by [ 5, corollary 2.11 ] and [ 8, corollary 2.7 ] . Then R I is hereditary ring, so R I is weak P-hereditary.
